People's Democratic Republic of Algeria

S

/

Ministry of Higher Education and b \

> )
Scientific Resear ch 2\ <
l_"’ M_.‘\

L o
University of Tissemsilt Sty N

Physics of Vibrations

(with problems corrected)

Dr. BOUCHAREF Mohamed

Y ear of edition: 2025




Foreword

This handout is intended for 2 LMD students with the following specialties:
- Technological Sciences (ST): Electrotechnics (ETT), Electronics
(EN), Mechanical Engineering (GM), Hydraulics ( Hyd ) and Civil Engineering (GC).

- Material Sciences: common bases, Physic, chemistry.

This document is a detailed course. It includes five chapters cited below:
Chapter 1: General information on oscillations.

Chapter 2: Free oscillations with one degree of freedom.

Chapter 3: Oscillations damped to one degree of freedom.

Chapter 4: Oscillations forced to one degree of freedom.

Chapter 5: Free oscillations of systems with several degrees of freedom

The objective is to give students elements which will allow them to enrich their knowledge on the
one hand and on the other hand help them to better master the problems they may encounter in this

module.
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Chapter 1:

General information on oscillations



1. Definitions :

1.1. The vibration :
Is an oscillatory physical phenomenon of a body moving around its equilibrium position.

1.2. movement :
We call periodic movement a movement which repeats itself and in which each cycle
reproduces identically.

1.3. Period :
The duration of a cycle is called period .

1.4. movement oscillatory :

This type of periodic movement is called oscillation or oscillatory movement (such
as the oscillations of a mass connected to a spring, the movement of a pendulum).

2. Different types of oscillations:

The oscillation of a system can be free (undamped, damped) or forced (undamped, damped).

2.1. Free undamped oscillation:
It is a system in which oscillations exist without the intervention of external forces
(free) and the vibrations do not attenuate (do not stop).

2.2. Damped free oscillation:
It is the same system as the first (i.e. free) except that this time the oscillations are
attenuated.

2.3. Undamped forced oscillation:
The oscillations are caused by the intervention of one or more external forces and the
oscillations are not damped.

2.4. Damped forced oscillation:
It is the same system that precedes but this time the oscillations are attenuated.



3. Generalized coordinates, constraints and degrees of freedom :

3.1. coordinates :

3.1.1. Definition :
The generalized coordinates are the set of real independent variables making it possible to
describe and configure all the elements of the system at any time .

3.1.2. Noticed :
» By choosing to use generalized coordinates (denoted q) in our calculations, we are sure
to work with independent variables.

» The derivatives of the generalized coordinates with respect to time give what are called
the generalized velocities (denoted ).

3.1.3. General case :

3.1.3.1. Point object (0 dimension) :
The number of coordinates necessary in a three-dimensional space to locate a point object is
equal to 3 : x, y, zin a Cartesian coordinate system.

3.1.3.2.  Solid object (3 dimension) :

The number of coordinates necessary in a three-dimensional space to locate each point of a solid
body is equal to 6 :

» 3 movement coordinates (X g, ¥cg, Zc4)t0 locate its center of gravity,

» 3 angles of rotation (Euler angles) around the three axes passing through its center of
gravity to locate the position of each solid body point relative to the center of gravity
(@,60,¥).

3.2. Constraints (C):

Constraints are the mathematical relationships that link coordinates together. The number
of constraints (N C)is the number of mathematical relations.

3.3. The number of degrees of freedom ( NDL ):

3.3.1. Definition :
The number of degrees of freedom is the number of independent generalized coordinates
necessary to configure all elements of the system at any time.

3.3.2. General case :

To identify the number of degrees of freedom, the following rules are always valid :
8



3.3.2.1. For N particles:
The number of degrees of freedom for Nparticles is defined by:

Ndl=3N-NC

3.3.2.2. For N solid body :
The number of degrees of freedom for Na solid body is defined by:

Ndl=6N—-NC

With :
Ndl:The number of degrees of freedom.
N C:The number of constraints.
N :The number of particles (solid body).

3.4. Examples:
Give and identify the number of degrees of freedom (independent generalized
coordinates) in the following systems:

A. Simple pendulum: X
SoNC =2wehave:Z =0etx® +y* =1 --p
And m: is a point mass, i.e.N = 1

We obtain :
Ndl=3N—-NC=3%x1-2=1 N

independent generalized coordinate is: 6.

B. Free particle:
We have :N € = 0 And the free particle is a point object. i.e. N = 1
We obtain :
Ndl=3N-NC=3x1-0=3
independent generalized coordinates are:x, y, z in a Cartesian frame of reference.



Noticed :

v" To study an oscillatory system, you must take the following steps:

1- Determination of the equation of motion.
2- Derive the solution.
3- Draw the curves.

v" To determine the equation of motion we can use three methods:
1- The fundamental law of dynamics.
2- Theorem of conservation of mechanical energy.
3- The Lagrange formalism (L =T — V)
» T: kinetic energy .
» V:energy .

4. Kinetic energy(T) from a material point:
4.1. Kinetic energy (T)for a linear movement:

A material point can move in a straight line, so the coordinate g describes a
movement. In this case the kinetic energy of a material point is written in the following form:

T—l 2
_qu

m : The mass of the particle.
q : speed linear .

4.2. Kinetic energy (T)for a rotation:

If, on the other hand, the material point rotates around a fixed axis , the coordinateq describes

an angle of rotation , and consequently kinetic energy is written A
1 d
T = Emdzcjf 4 i)
q :angular velocity . = @
md?: in a dimension of a moment of inertia .

It is the moment of inertia of a point mass which is at a distance (d)of the axis of rotation
(A), we can write it in the form(/4)).

10



We can write the equation (1)in the form:

T = 1! &
s 2 a9
Example : the kinetic energy of a simple pendulum: y
T 2 & ;
=—m
gre ,
1
T = Em s 4 I
\;
Since : .
— et |
= — - ng sin 6
T 2 R | —mg cos &
- > Ik
s=10=>5=10 mg
1 1 : 1 :
e SISO (P S O 15
T 2ms Zm(lﬂ) zmIB
1 .
P =c il 6*

5. Kinetic energy(T) for a solid body:

Kinetic energy(T) for a solid body is defined by:
1
T==Iy,q*
7y (4) q
I(4) : is the moment of inertia of the body relative to the real axis of rotation , we can
identify I' 4y by two methods:
» Direct method : by identifying the moments of inertia of some solid body.
» Indirect method : By changing the axis of rotation ( Huygens ' theorem or
parallel axes theorem )

5.1. Direct method : Moment of inertia of some solid bodies (rotating):
Example : define the moment of inertia of a bar of homogeneous mass m, length [, and
linear density A4, which rotates around an axis passing through:
a. the middle of the bar (c¢g).
b. itsend (4).

11



We have: the linear density is defined by:

M dm
A=T=W=>dm= Adl..(1)
f=fdm£2=f3dllz k)
a. The bar rotating around an axis passes through the middle of the bar (cg):
L
‘ s B ML*
(2) = Icq)-= fldll _Aﬁ‘f
T
S0:
ML?
I(CQ)=W

b. The bar rotating around an axis passes through the middle of the bar (4):

L
2)=1 fﬂdttz—ALg-MLz
()= Bl B
0

SO:

ML?
lay=-—3~

By the same principle we can identify the moment of inertia of some solid bodies (the axis
of rotation is identified by the broken line):

particule anneau coquille cylindre plein sphere pleine tige mince

b

I=mR? Ioy=mR?  Iy=2mR? Iy=imR?® Iy=2mR? Iy=1mR?

m m

o 2
—12mL

anneau coquille cylindre plein sphere pleine tige mince

I=:mR?

http://xn--webducation-dbb.com/moments-dinertie/
12




5.2. Indirect method : change of axis of rotation (Huygens' theorem or theorem of

parallel axes):

We go from the moment of inertia around a straight line (4)to the moment of inertia around a
parallel axis but passing through the center of gravity (¢g)of the solid ( figure below ), and

vice versa, by the relation:
I(a)=I(cq)+ma*

With :
e I(4) :Moment of inertia around a line (4).
e I(., :Moment of inertia around the center of
gravity(cg).
e d: The distance between the center of gravity and
the actual axis of rotation (4).

Example :

Calculate the kinetic energy of a rod rotating around an axis passing through its end using

direct calculation and indirect calculation.

» Direct calculation:

T 11 12T 11 K
— = = —
z(mq 2 (@

With :
I4) : moment of inertia of a bar which rotates around an
passing through its end (4), is defined by:

ML?

I (s :T

SO :

13
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» calculation :

Using the Theorem of
parallel axes

0

I()=Icg)+md"*

I

|

|

|

|

|

|

: — (=
L—Xeg
|

|

I

|

|

|

I

|

|

|

[
I
|
I
[
!
|
|
|
I
|
|
|
I
|
|
|
|

e I, :Moment of inertia around (cg)equal center of gravity:

ML?
I(‘-’.‘J) = 12
e d: The distance between the center of gravity and the actual axis of rotation(4) equal :
o L
2

We obtain:
,  ML? , MIL?
I(d)=1((.‘g_}+md =1—2+M(L/2) T eee—

this is the moment of inertia of a bar which rotates around an axis passing through its end
(4), we obtain:

1 ;
T=_-ML?§?
6

Noticed :

If replaces the formula for the moment of inertia deduced by the theorem of parallel

axes Im)=licy)+md2 in the kinetic energy formulaT = %I(m 0?2

We obtain :
1 . 1 .
T=cl;)0%+-md?0?% ..(1)
2 2
with : d@ = Veg s V.4 there linear velocity of center of gravity.
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1

(1)=>T=2

I(_Cg) 6?2 +2

-
MUy " =Tror + Teran

¥ T = %i (eq) 0 ? The pure rotational kinetic energy of the bar around the center of gravity.
1

SM Vg % translational kinetic energy of the center of gravity.

» Tygn =

The total kinetic energy of a system of material points is equal to the sum of the translational
kinetic energy of the center of gravity T yqnand the rotational kinetic energy about the center

of gravity T,y

SO:

For  the  previous
example and by using
Huygens' theorem, we
can that
movement can
decomposed into a
rotation around the
center of gravity plus a

-

the
be

write

I
I
I
I
I
I
I
I
I
L
I
I
|
I
i
I
I
I
I
I
=

I
|
I
I
1
1
I
1
|
I
i
I
I
I
I
I
I
I
|
I

translation of the center
of severity :T = Tyot + Tergn - (*)

ML?

1 43 . ML? .
» Trm‘ :EI(CQ) 62 Wlth: I(cg} :? ~ SO:T!‘M - = 92

; =1 2 oith v =dO =Lé : Iyl gz _Mlg2
> Ttran_szcg with: vcg—6!6—Zﬁ‘therefore.Ttmm—ZM’4 6°= - (7]
A A =
We obtain : (+) = T = Tyor + Toran = 5o 0 2 + 62 =202
1 :
T=—-—ML?*6°?
6
Special case: for a simple pendulum: 4
Ig)=l(cg)ymd® =
1 . 1 . 1 i P
Ty==In0%==1pH0%+-—md*?0*
@ =71 2 (cg) 3
1 . 9 g L
=El{cg)9 +Emvfg \l

=Trot + Teran

Or :l(y) = 0 = T, = 0 for a point mass.

1 .
SO: T(_d) =Ttran = -z-mlzﬂz

15



Example 02: give the formula for the kinetic energy of a disk which moves without sliding on a
straight line.

1
2

1

gy 02+ 5

Ia)=I(cgyrmd® = T(a) = Mveg® =T+ Toran
1 -
We have : Trot = Ef(cg) (7]
With I(4)is the moment of inertia of the disk relative to the axis which passes through its
center of gravity.

I =1MR2=>T =1MR292
(cg) 2 rot 4

no- slip rolling condition gives us:
d=0I=IM=R0=>d=v., =RO
Or: v, : the speed of the center of gravity.

SO Tyrqn = 3 M vy 2 = 3 MR20?

And consequently :

1 : 1 g 3 .
Tiay=Trot +* Teran = ZMRZ& 2+ EMRZBZ = ZMR282

16



6. Potential energy (V):

6.1. Gravitational potential energy:
This is the energy due to the gravitational field , and this energy depends on an
arbitrary choice of the zero level of potential energy.

» Center of gravity is above the level V = 0.

®

V=mgh+C

C: Is a constant that can be determined from an arbitrary choice of
the zero level of potential energy. h
h: Is the height of the mass relative to the zero level of potential
energy.
For h = 0, we chose V = 0, and therefore C = 0. =0 -
» Center of gravity is below the level V = 0. v=0

V=-mgh+C

h

In this case also for h = 0, we chose V = 0, and
therefore C = 0

T
|
|
|
|
|
|
|
|
|
|
|
|

Q

Noticed

In calculations the observation Cdisappears by derivation or subtraction, because we
are generally only interested in the difference between the potential energies associated
with two points in space.

6.2. Elastic potential energy:

This is the potential energy stored in a spring for example, by extending or compressing it
compared to its empty languor.

V= 3 K(allongement ou compression)? + C

17



V=>Kx)?+C V=2Ky+a)?+C

K is the spring stiffness constant (N/m).
a: is the extension of the spring to the equilibrium position.

6.3. Torsion potential energy: ==
1
V==C6?
2 .:
0
C: 1s the torsion constant (N /rad). g ™ »X
C .

General case: The potential energy of a linear oscillatory system is proportional to the square
of the variable g, i.e.:

V—l te)g?
—E(Ce)q

7. Balance of a system:
A system is said to be in a state of equilibrium if the resultant force exerted on the system

is zero X F = 0. The system is then cither at rest, or it carries out a uniform rectilincar
movement (this is the principle of inertia, see physics course 01 chapter 03).

For a conservative system F=-— gradV, at the equilibrium position (g )the force is
Zero:
F=0=— =0
aq qo

» This position corresponds to a stable equilibrium position when:
18



» unstable equilibrium position when:

Example :

e
Pasitian d'équilibre Position d'équilibra
slable instable

g

e

A

L

Position d'équilibre Position d'équilibre
stable instable

For the simple pendulum in the figure above, the expression for potential energy is

written: V = —mg cos(8), equilibrium% . =0,S0:mgsin(@0) =0=>60=00uf =m.
0

HAS :
2
> 06=0> % : > 0; SO HAS : @ = 0; we have stable equilibrium.
2
» B=n= % " < 0; SO HAS : 8 = m; we have unstable equilibrium.
=1

8. Electromechanical analogy:

Mechanical systems can be represented by analogous electrical circuits.

19



We see that the relationship between the electric current i(t)and the electric charges qis
exactly of the same nature as that which exists between the speed v(t)and the position
xof a mechanical system:

i(t) = % Andv(t) = %

F(t) L

AN

o *'—-.x. -
| . R
N I:ImH@

|

En appliquant le formalisme de Lagrange: En appliquant la loi des mailles, on trouve:
mi +ax + ke = F(t) L§+Rg+ %q = e(t)
Mechanical system Electrical system

Shift : x(t) Corner :0(t) Charge :q(t)

Speed : v(t) = x Angular velocity :6(t) Fluent :i(t) = ¢

Acceleration:a(t) = X Angular accelerationf(t) | Current variation:t’ = §

Stiffness constant : k Torsion constant :C Reverse of capacity :1/C

Mass : m Moment of inertia :1 Coil :L

Kinetic energy :% mi? Kinetic energy % 16? Magnetic energy:% Lg?

External strength : F_,, Tension : e(t)

Shock absorber : a Resistance :R

Return force: k x ddp between the terminals
of a capacitorq/C

Inertia force:m x ddp between the coil
terminals:Lg

Potential energy :% kx? Electric energy : 51_6 q*

20



Chapter 2

Free oscillations with one degree of freedom.

21



1. Introduction :

For a free system , oscillations exist without the intervention of external forces and
consequently friction forces are neglected. And the vibrations don't subside (don't stop).

» The identification of the position, speed and acceleration of each point of this body in
relation to a chosen reference point is made by solving the equation of motion.

2. Lagrange formalism:

Around 1756, Joseph-Louis Lagrange introduced a function
of dynamic variables which made it possible to write
concisely the equations of motion of the system, then he
developed analytical mechanics.

Joseph-Louis Lagrange
1707-1813
Mathématicien et
Astronome Italien

This formalism is based on the Lagrange function L = T — V ; the equation of motion is
written in the form for a conservative system:

a(a) - (5) =0~ @

e [L: Lagrange or Lagrangian function.

e T: The kinetic energy of the system.

e P: The potential energy of the system.
e @: The generalized coordinate.

e (: Generalized speed.

» In the case of a speed-dependent friction force F 8 = —aq.

22



» the equation (1) is written in the form:

d (dL aL . d (9L aL\ , ap . ‘ . .
> (}l_&) - (EE) =—aq Or = (;ﬁ) - (5& + T 0 ...(2); With Dis the dissipation function
aD

givenby D = ~12~ac';2; it is linked to the friction force by: F, = .

» In the case of an external time-dependent force in addition to the friction force, the equation

(52) = (55) + 57 = F(&); With: F(£) : extemal force.

. - 4 4
(2) is written in the form: — 2 aq

dt

3. Approximation of weak oscillations (amplitudes):

For weak oscillations, we apply the Taylor expansion:

If xis very small (i.e. tends to zero) the Taylor expansion around x, = 0, written in the following
form:

o f(x)=f(0)+xf(0)+ 21" 'O 4.

So for Bvery small (i.e. tends to zero), we can write the equations sin (8)and cos (8)following
Taylor 's development:

e sin(0) = sin(0) + 0 cos (0) + %2 (—sin(0)) + %3 cos(0) + -+
e c0s(0) = cos(0) + B(—sin(0)) + %2 (—cos(0)) + %3 sin(0) + -

Generally we limit ourselves to the second term for the sine function and to the third term for the
cosine function.

e sin(B)~ 80
2
e cos(0) =1 —; with @ in (rad).
Example :

e sin(5% =sin(.rad) = .

4. Equations of motion of a free system :

To identify the equation of motion, three methods are generally used:
(a) The application of Newton's 2nd " (see physics course 01)

(b) The application of the principle of conservation of total energy or mechanical
energy, This method is only applicable for isolated systems, where all forces
are conservative (see physics course 01).

23



(¢) The application of an extremely effective mathematical formalism called the
Lagrange formalism, and this formalism which interests us in this chapter)

» Example (01): the equation of motion of an elastic pendulum:
A- The equation of motion of a vertical elastic pendulum:
a) By application of the fundamental law of dynamics (LFD) :

» At static equilibrium:

IF=0

—

P+F=0  With: P:the weight of the mass m.
F : the return force of the spring. :
:
mg—Kxg=0 avec: xo=1—-1, v i
P =mg
mg = K x, ( This is the equilibrium condition) Ressorta vide Equilibre avec  Mouvement

L L L L

]

» At the move :
YF=md
P+F=md

X . . . o .
5 = m X( According to static equilibrium mg = K x;)

2
mg-—K(x+x0)=m3—t

—-Kx=mkx
K
X — x=0.. 01
X+—x=0..(1)
b) By the method of mechanical energy conservation:
EMZEC+EPZT+V:Cte
SO: S(T+V)=0
" dt -
o, T,
T—zmx
V=Vg+V,

o Vi=5k(x+x0)?

e V,=-mg(x+ xy)(Wetake as reference to:x = [, =V =0
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SO :

1
¥= - k(x + x9)? — mg(x + x¢)

At static equilibrium:

av

=l e i) =1
= =5[K+ g] =

We find :mg = K x ( This is the equilibrium condition)

S0 :
. ?.;;_T =0
B %Gmi‘z +%k(x + x9)2 —mg(x+ xg) =0
(And according to static equilibrium mg = K xg)
We obtain :
¢) By the Lagrange formalism:
L=T-V

® .
T—zmx
o V=Vg+V,=ck(x+x0)? —mg(x + xo)
SO :

= %mxz —%k(x +x9)2 + mg(x + xp)

d (BL) (6L) =1
dt \dx ax)

At static equilibrium:

v
dax x=0
mg = K x,

a
=0 :a[v,(+vg]=0

We obtain :
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B- The equation of motion of a horizontal elastic pendulum:

a) By application of the fundamental law of dynamics (LFD) :

Vy=0And xo =0
- Next: (0Y):
ZF=0
P+R=0
- Next: (0X):
IF=mad
F=md

b) By the method of mechanical energy conservation:

T+V =cte > %(T-!—V):O

We obtain : &

¢) By the Lagrange formalism:

L=T-V
RS, WL
° T—me

o V=Vg=3kx?
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We obtain :¥ +— x = 8. (1)
= :

5. Solution of the equation of motion:

Equation (1) is a 2nd order differential equation °fthe form
+wix=0,with w2 ==,T = ZTIJE.

m k
The solution to this equation is of the form:

() =Ae* ..[2)
x(t) = Are™ , Or Aand rare constants.
x(t) = Ar*e™..(3)

¢  We determiner =7

The equation (2) and (3)in (1), we obtain:
r’+w) =0 SO:ir;=iwg And r; = —iw,.

The general solution of x(t)is then a linear combination of the two solutions: x(t)and x,(t).

With: X1 (t) == Al erltandxz(t) = Az ezt
So the general solution is:

x(t) = x1(t) + x2(t) = Aq €™t + 4; e ot (4)
Where Aqand Ajare constants which are determined from the initial conditions.

We pose:
Ay =3Ce®AndA, = Ce™'®

Equation (4) becomes:

x(t) = %C[e"(“’ﬂ”w + e iwott9)] since (e = cos¢ + i sin @)we find:

x(t) = C cos(wot + @)

6. Determination of constants (C)And (@) :

We determine (C)and (@) according to xg, X; and wy;from the initial conditions:

We have:

[x(t) = Ccos(wypt + @)
x(t) = —Cwysin (wot + @)
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i x(0) =Ccos(p) =x0..(1)
HAR BN {;'r(()) = —Cwyp sin() = g ..(2)
2 . = 2
(1)? = €% cos?(@) = x> - i xf) B i
(2)? = Ctwi? sin*(@) = ko® | CPsin®(@) =% .. (4)
0

Equation (3) plus equation (4), we obtain:

_
x
C? [cos? (@) + sin?(@)] = xo% + w_of
0
With :
cos?(¢@) + sin(p) =1
We obtain :
And from:
(2) _, —Cwqsin(g) _ %o £ _ %o
(1) Ceos(gp) xg = tg(tp) WgXg
We find :

(C) : is called the amplitude.
(¢) : The initial phase.

We can trace the curve of x(t).
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Periodic motion (harmonic oscillation)

I\ ANYA
\Jo \/

Example (0 2): the equation of motion of a simple pendulum:

a) By application of the fundamental law of dynamics (LFD) :

- Nextoy: P+ T = 0 ( we have no following movement oy)

Nextox: P +T =

FF=md

—_

ma

P: the weight of the mass m
T the thread tension.

d’s
dt’
sn@=0,s=10
a0
dt’
a):

L
JE,T=27: L
L g

—mgsin @ =m

+89=0

b

5 o
—% |
—~myg sin @ ‘I
] —mg cos @
I

mg

b) By the Lagrange formalism or by conservation of mechanical energy:
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.2 - . -
E, =lmv2 =lms =lm(€9)2 =lm£’292 =1192
2 2 2 2 2

car:s =100

et: ] =ml?

Ep = mg((1-cos 6)

L =%m€292 —mgl(( - cos0)

ml*0+mglsin =0 =

é+%sin =0

car sin O = 0,( faible oscilation)

a)=\/§,T=27c i
! g

Example (03): the equation of motion of a compound pendulum:

—mgdsiné’=[d‘f]
t
sin @ = 6
2
a6, medy_y
dt dt

i ﬁm;w,rzzz A
1 mgd
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Example (04): the equation of motion of a torsion pendulum:

r=lip | - lKﬁZ
2 2

_lggz
2

t

L=t
2

16+ K0=0
|

K
= —,T=2x =8
'/ K

Example (05): Electrical system:

a- By Kirchhoff's law: i)
di(t)
V.o+Vp=0=24+15 2 — 0. (1)
( dt % L ¢
L ——
Asi(t) = % = q, the differential equation of motion is written in
the form:

% +Lg=0=>qg+ %q = 0, this equation is of the form: § + wig = 0, with w, = %

b- By the Lagrange method:

1 1
T=E.=Enqg =V, dq= fL—dq f dq JL—dl fLidi=ELi2=ELQ2

P — _ e S
V_Ep_Ee!ec_Vcdq_ Edq_'z_cq

Hence: Lagrangian: L=T — V = %qu - i q°

SO : _(%) (32) 0= Lqg +— =034+ —q 0 ; This equation is of the form: § +

1

wiq = 0, withwy = =
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7. Equivalent stiffness constant:

Write the relationship between the equivalent stiffness constant and the associated stiffness
constants for parallel and series mounting

- The two springs can be replaced by an equivalent spring with a stiffness constant: K ,;and
an equivalent spring force.T 4.

7.1.Parallel connection:
The figure schematizes the parallel association of two
EF=03P=T,+T:=T,,
mg=Kix+K,x=K.x

springs.

We obtain :

7.2.Series installation:

The figure schematizes the series association of two springs.
Either :

x1: The clongation of the spring K; such that : m g = K x;
x,: The elongation of the spring K,; such that : m g = K x;

S 1 (1+1)=>1 (1+1)
X=X X m =m i amtt e gl Sal
R Ry NG TR TRy K Ka
We obtain :

: K, +K,
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Problem corrected

Problem 1:

For the mechanical system shown to the

right, the uniform rigid bar has mass m
and pinned at point O. For this system:

a) find the equations of motion;

b) Identify the damping ratio and
natural frequency in terms of the
parameters m, ¢, k, and £.

¢) For:

m=1.50 kg, £=45 cm,
¢=0.125 NAm/s), k=250 N/m,

2m e i

find the angular displacement of the bar

6(¢) for the following initial conditions:

0(0) =0,

6°(0)= 10 radss.

Assume that in the horizontal position
the system is in static equilibrium and
that all angles remain small.

Solution:

a) In addition to the coordinate & identified
in the original figure, we also define x
and y as the displacment of the block
and end of the bar respecively. The
directions 7 and [ are defined as shown I_Tj
in the figure. /
A free body diagram for this system £
is shown to the right. Note that the
tension in the cable between the bar
and the block is unknown and
represented with 7" while the reaction I }
force Fr 1s included, although both its —kzxj —ci)

magnitude  and  direction  are
33



unspecified. In terms of the identifed
coordinates, the angular acceleration of

the bar & ; 4 and the

linear acceleration of the block a, are

(s PPs =0k, Faz =%).

We can also relate the identified coordinates as

£
r = —f, y=~£4.
£ D) Y

The equations of motion for this system can be obtained with linear momentum balance
applied to the block and angular momentum balance aout O on the bar. These can be
written as

Z F=m7a, — (T —kar— (-.i*) i = 2mij,

miz ...

3 k.

¢ .
> Mo =1°%ay; — (—Ti-kyf) k

Solving the first equation for T and substituting into the second equation yields

—OmEthzded) o mi e=m5
( F=ky 3

Using the coordinate relations we can obtain the equation of motion as

Smé - e . 5kE
—_— e — =)
= 0+ 1t #=0

b) In the above equation the equivalent mass, damping, and stiffness are

S5mé® el 5k
My = 6 beg = T__ = T_
From these the damping ratio and natural frequency are
(= b £ e
2 kg Meq 2\(/‘5 £ pmet 2 S0km
| Sk ,I'W

e

0(0) =b=0, 6(0) = =Cwy b+ w, /1=C(2 a=10 rad/s,

so that the general solution becomes

B(t) = 0.63270012 iy (15.8¢) .
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Problem 2:

For the mechanical system shown to the
right, the uniform rigid bar has mass m
and pinned at point O. For this system:

a) find the equations of motion;

b) Identify the damping ratio and
natural frequency in terms of the
parameters m, ¢, k, and £.

¢) For:
m=2kg {€=25cm,

¢=0.25NAm/s), k=50 N/m,
find the angular displacement of the bar

0(t) for the following initial conditions:

6(0) =0, & (0) = 10 radss.

d) for this motion, find the tension in the cable connecting the rod and the block as a function
of time. Assume that the system is in static equilibrium at € = 0, and that all angles remain

small.

Solution:

a) We identify the coordinates x and z as shown above, which are related to the angular

displacement 0 as:
Ir = '—0..
An appropriate free-body diagram is

shown to the right. Applying linear mo-
mentum balance on the block yields

Y F =

(T—kr—cx)j =

m 'Fa(;‘
mi j.

Likewise, angular momentum balance on
the bar provides

Yo -

£ £\ - mé . .
(—TE—L'.:;)}: 5 4 k.

&

o]
1" oz,
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Combining these equations and eliminating the tension, the equation of motion can be

written as -
m - "
T3 BLrel04+2k0=10.

b) For the above equation the equivalent mass, damping, and stiffness are

T

Meq = TR beg = b, Feq = 2k,

and the natural frequency and damping ratio are

onm [ Hea _ f12E . be  _ V3b
" Meq Tm’ 2, /keqMeq V28km

Problem 3:

The block shown to the right rests on a fric-

tionless surface. Find the response of the
sys- tem if the block is displaced from its
static equilibrium position 15 ¢cm to the
right and released from rest.

ORISR RN

PIT L L LSBT BHD
o

m =4.0 kg, b= 0.25 NAm/s),
ki=15N/m, k2=0.50N/(m/s).

Solution:
An appropriate free-body diagram is shown to the
right. Notice that the two springs are effectively in = <k xr &
parallel, as the displacement across each spring is — ko i
identical. Linear momentum balance on this block _ 2'[_ .
provides
Z = —hi i
F = m a.,
(—kix—hkoxr—bx) 1 = mii,

or, writing this in standard form

mi+bi+ (ki +ka)x=0.

Further, the svstem is released from rest so that the initial conditions are

x(0) = £y = 15 cm, #(0) = 0 cm/s.



Problem 4:

For the system shown to the right, the

disk of mass m rolls without slip and x
measures the displacement of the disk
from the unstretched position of the
spring. The surface is inclined at an angle
of ¢ with respect to vertical.

a) find the equations of motion. Do
not neglect gravity;

b) if the system is underdamped, what
is the frequency of the free
vibrations of this system in terms of
the parameters &, ¢, and m;

¢) for what value of the damping constant

¢ is the system critically damped; i

d) what 1is the static equilibrium
displace- ment of the disk?

Solution:
a) In addition to x, the displacement of the center of the disk, we identify the coordinates
z and @, the displacement across the spring and the rotation of the disk respectively.

These additional coordinates are related to r as

—kz él \\

—cr €

z=12x, xr=—rf.

An appropriate free-body diagram is shown to the
right. We note that (z.3) are related to the diree-
tions (&, €a) as

= cos¢ &y +sing és,
= —sing &; +cosg es.

L

The moment produced by gravity about point  is
Mgra\.-‘it.)_' = rgo %X (—mgJ)

= (reés) x(—mgj =—mgrsing k.
g7 g P

Angular momentum balance about the contact point ' yvields
E M- = Ia,,.

((2?')k:+rr;ﬁ'— mgr Hillt;b)fc - (3"‘”.- g) j}
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Eliminating the coordinates z and #, we can write the equation of motion in terms of x

as 3
3m
T F+ecd+4kxr=mgsind.

Sinee the gravitational force has been included in the development of this equation of
motion, the coordinates are measured with respect to the unstretehed position of the
spring.

b

S

Assuming the system is underdamped, the frequency of the free vibrations is wy =
wa v/ 1 — (2, where

: [8Kk b :
Wy = ktq - v - {: = 29 = 2
v Mag Im

‘.!v/k,,l Mg 29Vekm

s0 that
=
Wy = V—_bl 1——‘ =
3m \' 24 km

¢) The system is eritically damped when ¢ = 1. which corresponds to a damping coefficient

of
Cor = 2VE Em.

d) The system is stationary in static equilibrium, so that x = xy = constant—both & and
z vanish, and the equation of motion reduces to

dkrg=mg sin o,

Solving for xy, the equilibrinm displacement is

m g sin o

0= "%

Problem 5:

In the figure shown to the right, in the ab-
of gravity the springs are
unstretched in the equilibrium position.

sence

a) Determine the deflection of each
spring from its unstretched length
when the system shown is in
equilibrium.

b)

If the system is released from the

springs, what is the maximum
angular velocity of the disk during
the resulting motion?

stretched position of the
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Solution:

a) We define the coordinates x. 4. z;. and =z,
as shown in the figure, which are related
-

—kz Z9 i

r=—rif, z1=r0, zo0=—ra20.

Notice that because of these coordinate
definitions., a rotation with positive #
gives rise to a negative value in both =
and z;. Likewise, we see that © = —z.
Using the free-body diagram shown to
the right, linear momentum balance on
the block provides

YF = m’ag,
(T-mg)) = mi},

while angular momentum balance on the
disk yields

ZMO = IOQDI,-,
(Tri—kyziri+kazam)k = Tk

Eliminating the unknown tension T from these equations and using the coordinate
relations, the equation of motion becomes

(I+mr¥)§+ (lq rf+k2r§)9=mgrl.

The equilibrium rotation of the disk thus is found to be
g =__mgn
- Ky r% + ko rg‘

With this, the equilibrium deflection of each spring is found to be
mgri

Zleq =100 = —a
e TS T e kg
mgrira

= - 9 —_———,
2.0 3 Ves k’;r¥+k2!'%

h) The general free response of the disk can be expressed as

B(t) = Ooq + A sin(wnt) + B cos(wnt),

39



where #,, is given above, A and B are arbitrary constants, and

k1l‘¥+kgr§
Wy = || ———F—.
' I+mry

The system is released with the initial conditions:

A0y =0.  B(0)=0,

50 that solving for the arbitrary constants

Therefore the solution is

O(t) = Ooq (1 — cos(wn t)) =

mgry o ky 1} + k213
Jhr%'+kgr'§ (1 Lm( .f+mrf . '

The angular velocity of the disk becomes

a(t) = (oﬁ, ..;.r) sin(wn t),

which has amplitude

Q = foq in

mgry

- \/(i‘; r'f +kgr§] (! +mr?_)

Problem 6:

Find the response of the system shown to
the right if the block is pulled down by 15
cm and released form rest.

m=20kg b=05N(m5s)
ki=05N/m, k=025 NAm/).

AONONNANNNNS

.
e *

ks Tj

m
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Solution:

For this system, the two springs in series may be replaced by an equivalent spring, with constant:

1 k1 ko
ke( = = —.

Therefore, the free-body diagram is shown

to the right. Applying linear momentum keq 3 bij
balance to the block yields: ’ ]
Z F = m7a.,
(km r+bi) j = —mi},

which can finally be written as:

mi+bid+kegx=0.
With the numerical values given above, this becomes:

1 N 1 N 3
2 T P R T —_—— T = 4 = — i = 3
(2kg) &+ (2 m/s) T+ (6 m) z =0, (0) 55 M &(0) = 0 m/s.

With this, the damping ratio and natural frequency are:

1

1
=4/ — 5 . T o=
e T ¢

“I%

Therefore. the system is underdamped and the general response can be written as:

2(t) = e=C @n t (.4 cos(wg t) + B sin(wg r.)) :

Using the initial conditions to solve for A and B. we find:

3 s [V13 3 (V13
.L‘(”—E(- &(Lm(ﬁ—\/}t)ﬁ‘ ﬁ(ﬂ‘:(mt))

Problem 7:

For the system shown to the right, the disk
of mass m rolls without slip and x measures
the displacement of the disk from the
unstretched position of the spring.

AP L AL LA S

L LLL LS

F

AR TR RREERRE VR R YN

a) find the equations of motion;

b) if the system is underdamped, what is the frequency of the free vibrations of this system
in terms of the parameters &, ¢, and m;
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Solution:

a) We define the three coordinates as shown as the figure, related as:
x=—r6. z==2ré. z=

A free-body diagram for this system is -3kzi
shown to the right. Notice that the force in
the upper spring depends on z, rather than
x, while the friction force has an unknown
magnitude f. Because the disk is assumed
to roll without slip. we are unable to specify
the value of f, but instead can relate the dis-
placement and rotation of the disk through
the coordinate relations above.

The equations of motions can be developed directly with angular momentum balance
about the contact point, so that:

M = Cik

3mr?

5 0 k.

((3]: z)2r+(kx)r+(c 1) r) k

Finally, writing this equation in terms of a single coordinate, we obtain:

. 2
(""_;’ ) f+(cr?) b+ (13kr%) 0=0.

b) For an underdamped response, the frequency of oseillation is wy = wy /1 — (2. With
this system, we find that:

26 k ¢= ¢
3m’ Vi8km

Ly, =

s0 that:
26 k 2 2

Im 9 m?’

g =
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Chapter 3

Oscillations damped to one degree of freedom.
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1. Introduction :

For a free system, harmonic oscillations never stop; But in reality the movement is carried
out in a fluid (generally air) where there are always viscous friction forces, the oscillatory
movement is then damped and ends up stopping.

2. Free oscillations damped to one degree of freedom:

For viscous friction, the friction force is proportional to the speed and implies a dissipation
of energy in the form of heat, this energy dissipation is the main cause of motion damping.

The expression for the viscous friction force is given by:

— —aq
Such as :

a : is the coefficient of viscous friction. its size is MT !

q : the generalized coordinate of the system.

q : the generalized speed of the system.

The minus sign (-) comes from the fact that this force opposes the movement.

- Under the action of friction forces, the system dissipates (loses) mechanical energy in the
form of heat, there is therefore a relationship between the force F,; and the dissipation

function D on one side and the dissipation function and the coefficient of viscous frictione .

.. - X ok
Fq— ﬂxAndD— zax

3. Eguation of motion of a damped system:

The Lagrange equation of a damped system with one degree of freedom is given by:

d(BL) (6L)_ apD
dt\dq dq)  9q
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Equation of the movement of an elastic pendulum:

e The kinetic energy of the system: T = %m:’cz

; 1
¢ The potential energy of the system: V = Ea‘cx2
e The dissipation function: D= 1;c:rjcz
e The Lagrange function:

ORI

Oril =T—V = %mxz —ﬂékxz

()
dt\ax) —

(5)=-Kx..(2
abD 5
E: ax

Substituting equation (2) in (1) We obtain :

mx+ax+kx=0

P i .?i:.+£ X = 0 The form of the differential equation is¥ + 24% + wg x = 0

Or:

- 4: is called the damping factor , with: 4 = .

i . ; K
- wy: is the system's own pulsation , with: wj = =

- Either & = . (unitless), is the damping ratio.
0

W

We note that is homogeneous in the inverse of a time and its unit is s~*. More 4 is larger, the

greater the damping and the faster the oscillator stops.

Solution of the equation of motion:

The differential equation of motion ¥ + 2Ax + w§ x = 0 ... (1)is a second-order linear

differential equation with constant coefficients without a right-hand side.
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The solution to this equation is of the form:

MO =Ce&* )
x(t) =Cre™
i) =Ctrte?..(3)

Equation (2) and (3) in (1), we obtain: 7% + 247 + wj = 0 ... (4). The solution depends on the

discriminant 4 = A% — w} .

We distinguish three possible cases, depending on whether A: is greater than, less than or equal to
Wy:

4.1. First case: over-damped or aperiodic system (strong damping):
A>0=>(2%-wj)>0=>2A1>wooué>1

In this case, the characteristic equation (4) has two real roots :

ri-_A+ |42 —wj
Ty-_A— ,AZ - wj

The general solution x(t) is written as a linear combination of the two solutions corresponding to
each of the values of r:

2 2
[AZ—wjt —Nlaz—wnt

x(t) = e *(C eV + C,e )

Noticed :

» Constants € ; and C >can be determined from two initial conditions.

» Since the values r ; and r > are negative, the solution x(#)—@ when t—x.

» This type of movement is called aperiodic damped movement or strongly damped
(over-damped) movement.
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In blue, aperiodic damped movement (strong damping, over-damped)

4.2. second case: over-damped or aperiodic system (Critical damping):
A=0>(A%-w})=0=>A=wyoué=1
In this case, the characteristic equation (4) has a double root:
ri=ry =4
The general solution x(t) is written in the form:x(t) = C(t)e ™" ...(4) and we obtain:
x(t) = (Cy + Cyt) e
Demonstration:

We change the variable:y(t) =x + A x = ——di;(:) =

X+tAaAx
The differential equation of motion ¥ + 24x + wj x = 0 becomes:

d:;—(:) + Ay(t) = 0...( 5) because:

ii%ﬂJr)ly(t) =X +Ax+A(x +Ax) =%+ 2% + wi x =0 with(A? = w?)
So to solve the differential equation of motion ¥ + 2% + w§ x = 0,

we are looking for solutions to the following system of equations:
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E}@ +Ay(t) =0..(a)

dt
yt) =x+2x ..(b)
From equation (a): i’é(;g +Ay(t) =0 = 93%(%2 = —Adt; we find : y(t) = C, e™.

From equation (b):

yt) =x+2dx = Ce M =C()e™ + C(t)(—LV)e * + A C(t)e **;We obtain: C(t) =

oL C,. From where C(t) = C4 + C5t ... (5).

C,therefore =

We replace equation (5) in (4), we obtain the general solution:
x(t) = (€1 + Cyt) e
Noticed :

e Constants €' ;and C ;can be determined from two initial conditions.

» the movement is also aperiodic; this state of the system is called critical state or
aperiodic damped movement (critical damped movement).

» In this state x(t)tends to 0 faster than strong damping.

» The system returns to its equilibrium position as quickly as possible

In blue aperiodic damped movement (critical damped movement)
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4.3. third case: under-damped or pseudoperiodic system (low damping):
A<0=>(22-wj)<0=>2A<wooul<é<i1
In this case, the characteristic equation (4) has two complex roots :

Because :

\/Z=\/112~w§ =\/(-1)(w§ ~ 22 =J(i2)(w§ —22) = iJ(wﬁ —2) =iw

ri=_A+i ’(wﬁ —A%) =-A+iw
ro—_ A—i ’(w(z} -2 =-2—iw

With: w' = [(w} —242).

w': Is the pseudo-pulsation, andT": %

The general solution x(t) is written as a linear combination of the two solutions corresponding to
each of the values of 1
() — Moo AiWE g o L-iw't e Mas e Tt
x(t) = e (C,e'Vt + Cre W orx(t) = Ce *cos (Wt + @)
Noticed :
» The constants € and @can be determined from two initial conditions.
» The amplitudeC e™** and as a function of time, it tends towards @ when time tends

towards o0 which implies the solution x(#)—0 when t—.
» the movement has a

certain regularity, because <oy a0
the time T' which elapses e / Ce
between two successive ~

maxima is constant.

» the movement is under-
damped and this type of
movement is called
pseudoperiodic
movement or weakly
damped movement. ’

» the pseudo-periodT’: % is

constant.
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Pseudo periodic movement (low damping):
4.3.1. Determination of the constants of C and ¢ :
We determine C and ¢ according to Xxg, Xo; Wo and Afrom the initial conditions:

x(t) = Ce *cos (W't + @)
x(t) = —CAe *cos (Wt+ @) —C wesin (W't + @)

e x(0) = xq x(0) = Ccos @ = x, 0 G
HASge=N= {x(O) =g = {5:(0) = —C Acos(@) — CW'sin(e) = &y .. (2)
And we have:cos? (@) + sin?(¢@) = 1 = sin(¢) = /1 — cos?(¢p) B 4

Equation (3) in (2), we obtain :

1 (1) = cosg = x“/c s (4)
(2) > —CAcos(qp) —Cw'y/1 —cos?(¢@) =%y ..(5)

Equation (4) in (5), we obtain :

—C).——J_w /1 (?")2:19

x +Ax
—Axg—WC —x2 =k =>C?-—x2 ="2—"22

We obtain : € =

And from the equation:

(2) . —C A cos(@) — Cw'sin(@) %,
1) Ccosq@ T #y

We obtain :
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4.3.2. Logarithmic decrement:

Definition : we define the logarithmic decrement D, which measures the decrease in
amplitude during a single period.

=AT
| t+1)
Demonstration:
x(t) C e *cos (W't + @) 1 1
Dln= Tl.—_f =in = 7 = n[ _Hr]=ln[ﬁ]
x(t+T) Cet+Tcos (W' (t+T') + @) e e
= In[e?!"] = AT’

With T " is the pseudoperiod of the system.

After n pseudoperiod, the logarithmic decrement is given by:

x(t)

1
x(t+ T’)]

D:'.n = —In

We can determine the pseudoperiodT’ according to the logarithmic decrement Dy, :
With :
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2 2 /
r G-

We obtain I =

Because :

' ‘ 2
w': Is the pseudo-pulsation. w' = —,F-T

2w

wy: Is the own pulsation. wy = =
0

4.3.3. Quality factor (Surge factor):

The quality factor @ is the ratio between the mechanical energy and the energy loss during
a pseudo period.

E(t) 2n
—— (D

Q= 2r S T E+T) 1

In the case of low depreciation:

A <<wpand w' = |wj — A%sow’ = w,

—24(2® A
ef=1+e>e 2 =W 2 1-an= . (2)
Wo
We replace equation (2) in (1), we find the simplified quality factor equation in the case of
low depreciation:
Wpo

Q:

Noticed : there is an inverse proportionality between the quality factor and the damping, the
lower the damping, the greater the quality factor of the system .
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4. Electrical system:
Or an electrical circuit, made up of 3 basic elements
placed in series:

e aresistor of resistance R.
e acapacitor of capacity C.

e and a coil of inductance L.

According to de Kirchhoff's law:
With :

e Ug=Ri(t)...(2)
e« Uc=-q ..(3

And we have:

di d%q

e (HQY di _d°q .
t(t}—dt—q W d..:[5)

1 Af) | ==

L [E)

1, (%)

v—&jl(f)

We replace equations (2) , (3) ., (4) and (5) in equation (1), we obtain:

R (t)+1 +Ld. =0 = qu+ +Ldzq =0
WTEY T ) T ac ¢ T M az
1 .1
Rq-i-Eq-!-Lij =0 =5 Lij+Rq+Eq =
R 1 , : 2
g+ = q+ﬁq =0 = g+ 24q+wz;q =0
R
_ 2/1_’—: =31
With : i . s
LC T qLC
Note: For critical damping :
A= = E = . R= R, ZL
- W 2L~ JIC ' [

R : 1s the critical resistance.
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Problem corrected

Problem 1:

The block shown to the right rests on a rough 5
surface with coefficient of friction x# and ‘
m= 6 kg, k=128 N/m. i
a) If the block is displaced 3 cm to the I 7~
right and released, for what values ﬂ_ - | '\\\
. . . &L - 2 — \
of u .wﬂl the block remain in that ! .-xl s N\
position? : N
k --0-‘\/\/\/\/\'-'@_\
b) With 4 = 0.50, if the block is = - \
displaced 30 cm to the right and :‘\
released from rest, how long will it ATTRRRTERRRRRRRRRTEREEEREEERRRRRRRRN
take the block to come to rest? #

Solution :

In addition to the variable r identified in the problem statement, we also define z to
be the stretch in the spring parallel with the cable system. As a one degree-of-freedom
system, the variables x and z are directly related. The relative velocity across the spring
can be identified as

F F 575
Ve— V. = =21,

= (—2i)—(&1).

so that £ = =2#. Therefore the kinematic

— —mgj
relationship becomes

|
B =22, —kxi I
An appropriate free-body diagram for this
system is shown to the right. Note that the
unknown friction force is denoted as f, 1 and
the tension in the cable is T. Finally, exam- N3 l
ining the spring in the cable, the tension T Sl
and the displacement z are related as

- fl'£

—T'% Ti

—MAM—

T=kz=-2kuzx.

Applying linear momentum balance to the block yields

ZF= (2T —kz+ fr)i+(N—mg)j=mii=mTag,

and in terms of x the equation of motion becomes

mi+5skr=f,.
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If the block slips then f. = —pm g sgn(#) while is sticking oceurs |f.| < pmg.

a) If the block is in static equilibrium at a displacement & = 2oy, then Fq = 0 and the
equation of motion reduces to
5keq = fr,

g0 that equilibrivin is maintained provided
Ifil = P kzeq| < pmg.
This inequality is satisfied provided

_ pmy
|7eql = =5

Problem 2:

The system shown in the fig- ure has mass m
and rests on a plane inclined at an angle ¢.
The coefficient of friction for the rough
surface is g and the system is re- leased from
rest at the unstretched position of the spring
(with stiffness k).

\
a) If u = 0, what is the equilibrium dis- 3
placement of the mass (as measured ‘
from the unstretched position)?

b) Foru > 0, at what angle @ does the block begin to slip?

¢) Find the value of 0 so that the system comes to rest after one full cycle exactly at the equilibrium
position of the sys- tem found in part a (so that the friction force vanishes when the system comes
to rest), with:
m=2 kg, k=32N/m, u=0.35.

Solution :

The unit directions 7> and 7> are defined to be coincident with the inclined plane and the
coordinate x represents the displacement of the mass from the unstretched position of the
spring, as shown in the figure.

A free-body diagram for this system is shown to the right. —k z iy -mgj
Notice that the force in the upper spring depends on z, rather than
x, while the friction force has an unknown magnitude /. Because
the disk is assumed to roll without slip, we are unable to specify the
value of £, but instead can relate the dis- placement and rotation of
the disk through the coordinate relations above.
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Therefore, linear momentum balance yields the following equations:
Z F = m a,.
(r-kz)ia+(N)ia—(mg)i = mi,
(f=kz+mgsing)ia+ (N—mgcosb)j, = mii.

Therefore, this leads to the following scalar equations in the 2; and j, directions:

mi+kax = f+myg sind,
N

Il

m g cosf.

a) If g = 0, then the friction forces vanishes and the first of the above equations reduces

mi+kxr=mg sind.

The equilibrium displacement of the mass, rqq, then can be found to be:

™9 ging.

Lo =

b) With g # 0, an equilibrinm state is maintained provided:

q

kr—mg sinﬂl < pmg cost.

IA

p N,

Therefore, if the system is released from x = 0, the block begins to slide when:

tanfl = p.

¢) Define z to be a new coordinate measuring the displacement of the system from static
equilibrium:
mag
z=x——— sinf,

so that the equations of motion become:

mi+kz=f N =m g cosé.

with initial displacement z(0) = —(m g sind)/k. Over one complete cycle of motion,
for a frictionally damped system the amplitude decreases by a value:
4p N

AA=-— T

Therefore. if the system comes to rest at exactly the equilibrium position. then this
decrease in amplitude must exactly match the initial displacement. That is:

4puN mg .
|AA|=:‘— = |a|— - 3m8|=|z((}]|.

Solving for 8:
tanfl = 4 p.



Problem 3:

For the spring-mass system with Coulomb damping: I
|
7 ; : . I
a) determine the governing equations of motion; a ! §
: . — N
b) what is the period of each oscillation? o AAAA :\\
k k Q
ATRTRRERERTERRRRGRRRRRERRRR RN
it
Solution
a) We measure the displacement of the mass from the static equilibrium of the frictionless
system, ie., g = 0, so that the acceleration of the block is Faﬁ. = ¥i. Thus linear
momentum balance vields:
mEr = Fipngt + fut + (N — mg)3.
The spring force is Fyping = —2kx, while the force due to sliding friction opposes the
velocity and is simply: )
z
Ju = —pmy—,
H H | Il
since the normal force balances the gravitational force, i.e., N = mg. If the block
is stationary the magnitude of the frictional force is less than pmyg. Therefore, the
governing equations of motion are:
<y : fu = —pmgi |#| £0,
2 vl = " 8 m
mi + 2kr = [, with L] € pmo =0
b) Coulombie damping does not effect the frequency of oscillation, which is simply:
¥ [2k
Vi
Therefore the period of the oscillation is:
T = 2_17 - Ix \J/l-';l’ )
Problem 4:
For the spring-mass system with Coulombic damping, , :
x is measured from the unstretched position of the 4’ T =
spring. If the coefficient of friction is x# and the p 0
gravitational constantis g: . '
a) determine the governing equations of motion; .
ANASRNRGERARRRRRERRRRY
b) ifthe systemis released from rest in the unstretched #
position (x(0) = 0, x(0) = 0), for what values of u ﬂ
will the system move; .
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¢) what is the displacement (from the un- stretched position) of the upper block when it first comes
to rest?

Solution

Notice that x describes the displacement of both masses and, since the pulley is massless,
the tension in the string connecting the masses is constant, say T. Also, notice that in
part ¢ we ask for the displacement from the unstretched position of the spring, rather
than from equilibrium. Therefore we inelude the gravitational force which will influence
this result.

a) With the frictional force defined as F = f 2, linear momentum balance on the upper
and lower block vields:

mi+kr = f4+T,

mi = mg-—T,

where the frictional force is defined as:

f=—pmgp, &#0,
|f| € pmg. x =10

Eliminating the unknown tension T, the equation of motion is given as:

2m &+ kxr = f +mg,

where [ is defined as above and depends on the motion of the system, that is, the value
of i

b) If the system is released from rest in the unstretched position, it will remain there
provided the magnitude of the frictional foree is less than pmg—the transition to move-
ment occurs when | f| = pmg. Thus the system does not move is | f| < pmg and & = 0.
Substituting these conditions into the equations of motion we find:

|f| = |kx — mg| < pmyg.

which, solving for p with x(0) = 0, implies that the system does not move if p > 1.
Therefore, the system does move when:

p<L

¢) The displacement of the upper block when it first comes to rest is:

_ 2(1 — p)mg
Hn=—p
This can be found by either solving the equations of motion explicitly, or through a
work-energy analysis. Sinee the initial and final kinetic energy is zero, the work done
by the frictional force balances out the change in potential energy from the spring and
gravity.
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Problem 5:

For the spring-mass system with Coulombic damping, x
is measured from the unstretched position of the spring.
If the coefficient of friction is # and the gravitational g’___ 5 .
constantis g:

a) determine the governing equations of motion;

b) if the system is released from rest, so =

that #(0) = 0, for what range of initial .

ATNTETEEERTETEERTREREEERRERTET T W S

displacements (from the unstretched position) will "

the block come to rest when the block first comes

again to rest (x(¢1) = 0 for 1 = 0)?

Solution

a) The equations of motion can be written as:

mx+kx = f,
where f is the force due to friction. modeled by Coulomb’s law of friction as:
f = —umg—, i#0,
||
|f] < pmg. i =1(.

b) If the system is released from rest, the initial displacement must be sufficiently large so
that the block slides, rather than remaining at rest. Sliding does not occur if the force
due to friction is sufficient to balance the elastic force, that is, pmg > f = kx(0). Thus,
solving for x(0) we find, that for sliding to occur:

pimng
%

|#(0)] >

However, if |x(0)] is too large, the system will undergo multiple reversals as the ampli-
tude of the motion decays. Consider the block sliding to the left ( < 0). released from
rest with initial displacement x(0) > £2. Thus the equation of motion becomes:

mi + kx = pmg.

which has the general solution:

. k :
z(t) = | x(0) - et cos (—t + ngA
k m k

Therefore, when the block comes again to rest at time #; (unknown), the mass is at the
position:




At this point, the block sticks if and only if [(f;)] € #£4. Therefore, solving for x(0),

we find that: 1T
2(0) < :s%

So for a block with z(0) > 0, the allowable range for x(0) is £52 < x(0) < &2,
Together with an identical argument for x(0) < (0 yields the total allowable range as:

png

< |=(0)| < 3

Problem 6:

pmng

For the system shown to the right, x is
mea- sured from the unstretched position
of the spring. Each block has mass m and
the disk has moment of inertia / and
radius r. The coefficient of friction
between the upper block and the table is
u. If the gravitational con- stant is g:

a)find the equations of motion which
de- termine x(7);

b)what is the minimum value of # so that

¢) the system slips when release from

m

AAN R RRRRRR R L RR AR RN
p

m

d)rest with x(0) =0;

e)what is the period of the free oscilla- tions?

f) if the system is released from rest, what is the range of initial displacements x(0) so that

g) the systems comes to rest after exactly one

Solution

complete cycle?

We begin by defining two additional coordinates, #. which describes the rotation of
the disk in the —k direction (clockwise), and y which measures the displacement of
the hanging mass in the —j direction. These additional coordinates are related to the

displacement of the npper mass by the constraint equations:

y=uz,

=

L

a) On each mass the equations of motion can be written as:

ZF = (—k;r+T1+f)i+ (N—-mg)j = mii = m'a,,,

Y Mo = (Tir-Tar)k = —1° bk = IPap;F,

Y.F = (n-mg)j

s - F
—myi = 1m 8(;-1,




Naotice that T2 = I # 0, so that provided 6 s 0 the tensions Ty and T, are not equal.
Taking the components of these equations and eliminating the unknowns (T4, T3). while
using the constraint equations, we find that the equation of motion for this system
reduces to:

(2m+%)fi‘+kr=f+mg,

where f the value of the frictional force in the 1 direction, can be written as:
=l #med 240
b) The minimum value for slip is simply g5, = 0. If we would like to find the range of
jt for which slip occurs, we resort to the value of f at static equilibrium. Assuming
(. %) = (0.0), the equations of motion reduce to:
kr = fst-nl:ic + mg.
where fi e represents the force required to maintain static equilibrium. Solving for

this quantity and using the frictional inequality, we find:

| fstatic| = |kzo — mg| < pmy.

Therefore, solving for u yields:

which provides a necessary condition for sticking at x = xp. So for sliding to occur for
xg =0, this implies that g < 1.

¢) The period of oscillation for a frictionally damped system is identical to that of an
undamped system. Therefore:

T=2_N= i 2m_+é
W k

d) Let & describe the displacement of the system from equilibrium. The amplitude of
oscillation will decay by a value of A = 4pmg/k over one cycle of motion. Therefore,
Since the system will come to rest within the range:

the initial displacement dp from the equilibrinm in the absence of friction must be in
the range:

pmg Jpmg Sumg pmg
—— t+ A= — < < —=—=+ A,
i +A= T |50' 3 = B R

However, the equilibrium position corresponds to r., = '—'1'_3, and so the allowable range
of g is: . .
dpmg I _ ﬂl < 2Bmg
_i: < |&Ip 1= _k .
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Chapter 4

Oscillations forced to one degree of freedom.

62



1. Introduction :

It was seen that the damping of oscillations was due to a reduction in mechanical energy in the form of
dissipated heat. To compensate for these energy losses and maintain (conserve) the oscillations, a source of
energy is required through an external force. We will therefore add a force F(t) which varies as a function

of time.

2. Equation of motion of a damped and forced system :

The Lagrange equation of a damped and forced system with one degree of freedom is

given by:
d (61,) (6L) _aD + R
dt\aq/ \aq/ a4
With :
F(t) : The external force, and a periodic function of time with a pulsation ((1).
F(t) : Fqcos(Qt).

Example : - Horizontal elastic pendulum (mass-spring-damper):

¢ The kinetic energy of the system: T = Imi? _

2 o R—
¢ The potential energy of the system: V = %kx2 He—1]
¢ The dissipation function: D = %(Xiz

e The Lagrange function:

Or:L=T-V= %mx2 —-;-kxz

By replacing equation (2) in (1) We obtain:

mx + ax + kx = Fycos(Qt)
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We then divide by m and we find:

- i x+ % x= %cos(ﬁl;), The form of the differential equation is:

%+ 2Ax + wix = g-cos(ﬂt)

Or:

o

- A: i1s the damping factor , with: 4 = =

. g : K
- wy: is the system's own pulsation , with : w§ = =

: | ; 5 . :
- Either & = — (unitless), is the damping ratio.
= ping
0

3. Solution of the equation of motion:

The differential equation of motion X + 24x + wj x = %cos(ﬂt) ... (1)is a second-order linear

differential equation with constant coefficients with right hand side.
The general solution to this differential equation is the sum of two terms:

» A solution of the equation without a second member: homogeneous solution xy(t) .
» A solution of the equation with right hand side: particular solutionx,,(t) .

The total solution of the equation of motion will therefore be: x(t) = xy(t) + xp(t).

3.1. Homogencous solution (start of movement = transient regime):

The homogencous solution corresponds to the solution of the differential equation without
a second member

¥+2Ax +wix =0

The expression for the homogeneous solution x(£) depends on the A", but in all cases
xy(t) tends to zero after a certain time.

Noticed :

Whatever the nature of the movement: aperiodic with strong damping or aperiodic critical
or periodic with weak damping, the homogeneous solution x;(t) of the equationX +
21x + wix = 0 tends to zero after a certain time; and we call this regime or x(t) is
different from zero: The transitional regime .
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Régime transitoire

Mouvement apériodique
d'mortissement fort

f\

xp(t) xp(t)

Mouvement apériodique critique \

\ Mouvement périodique
<_  defible amortissement

1fs)

3.2. Special solution (permanent (forced) regime):

When the component x(t) is negligible, at the end of the transitional regime . All that
remains is the particular solution xp(t), which is the solution imposed by the excitation
function ( the external force ). We say that we are in a forced or permanent regime .

The exciting force forces the mechanical system to follow a temporal evolution equivalent
to its own. So if F(t) is a periodic pulsation function (£)) ; then the particular solution
xp(t) will be a periodic function of the same pulsation (£2) .

The oscillations of the body of mass m are not necessarily in phase with the exciting force
and present a phase shift noted (¢). The particular solution corresponding to the steady
state is written in the form:

xp(t) = xg cos(Qt + @) ... (1)
(xg): The amplitude of the vibration.
(@): The phase shift between the applied force and the vibration of the mass m .

Determination of amplitude (x,) and the phase shift (¢) :

To determine the amplitude (xg) and the phase shift (@), we use the complex number
method which allows us to transform the differential equation into an algebraic equation.

Note that : Z is a complex number, We can write Z in the following forms:

Z=X+iY
Z = |Z|e"
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Z =|Z|(cos @ +isin@)

With :
e |Z| is the modulus of Z,|Z| = VX2 + Y2,
e 0O isthe argument of Z, 8 = arctan(Y/X).

We have the external force is a periodic function of the pulsation time () :
F(t) = Fgcos(Qt) ...(2)
So we can write equation (1) and (2) using the following complex notations:
F(t) = Fgcos((t) = Re[Fyel™] +(3)
xp(t) = xgcos(Qt + @) = xel@t+9) = x i@ i@ (4)
We pose : X = xg e'Ptherefore:xp(t) = X,e! ..(5)
xp(t) =i Q Xl _ (6)
xp(t) = — 02 Xoe'@ _ (7)
We replace equations (3) , (5), (6) and (7) in the differential equation

&+ 24% + whx = 2el®),

We obtain :[— 02 + 24i Q + wi] X, = Eng
SO :

Fp

= m = i(l’P}
Xo (2= %) 71220] and, on the other hand X, = xg e

We now identify the modulex, = |X| and the argument (¢) of this complex number:

Fo
F
= = m = 0 2 ;
@ =arg(X,) = arg (W2 = 02) 71220 =arg [E] —arg[(w§ — Q%) +i210]
2A0
=0 —arctan m

SO : @ = —arctan [(wz%i—?ﬂ)];((qo): the phase shift)
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Fqo ﬂ| Fqo
m m m

Xo = 'X()l v 2 a = P =
[((wg— Q) +i22Q]| |(wj— Q) +i2a0Q] J(W%_ 072 + 422 02
_Fy 1
m
J(wﬁ — 02)2 4+ 422 (?
SO : ; The amplitude of the vibration)

4. Study of the steady state: resonance phenomenon:

a- The amplitude of the vibration at resonance:

When the pulsation of the exciting force is varied (), the amplitude xgreaches a maximum value
when the derivative of xgwith respect to (1 is zero.

dx, 2%9[{12 —wi +24% |
e 3 =
@ (wi- anr+ a2z a2z
Q=0
[ ou

0 —wi+222=0

0=>0[02-wi+22%2]=0

There is a maximum at the resonance pulsation (1, only if the resonance condition is verified:

wi > 22%.
QR = ‘W% - 222
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We see in the figure that the
amplitude x, is all the more
important as the pulsation of the
external force is close to the | @& | ______[

Xp (Qq J —————————————

- -

. /Z | i

resonance pulsation (p. " 1
o4

Noticed : A ;

In the absence of sufficient
damping, nothing would limit the |
amplitudes of the oscillations from 219,09, Q (rad.s™1)
amplifying, risking destruction of

the system: the system enters into resonance. The consequences can be serious. We can cite two

M
TTTT ™

known cases:

» On April 18, 1850 in Angers, a regiment crossing at a rhythmic (harmonious) pace a
suspension bridge spanning the Maine caused its destruction.

» On November 7, 1940, six months after its inauguration, the Tacoma suspension bridge
(United States) ( following figure ) was destroyed by the effects of gusts of wind which,
without being particularly violent (60 km.h '), were regular.

Y/ et troiman Newsplanos

(a) (b)

b- Quality factor and resonance:
Bandwidth :
The bandwidth, the band of pulsations for which the maximum amplitude is equal to: x,({)4) =
_ Xxo(g) |
Xo(Q2) = =%

V2

» the pulsations ({);)and (£))are called : the cut-off pulsations.
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> (@) - (Q) =24

Quality factor:

As we saw in the main chapter, the quality factor is defined by the ratio of the specific pulsation
to the width of the bandwidth
Wy
Q=
_ 22

- Bis . -
And for low depreciation: 4 << wj, = = \’WO 2A% =wo

(Q2) — (Qq) =24

So: we can write the quality factor in the form:

R
Q _..—_
‘ —04)
Noticed : xo(02)
To be able to reduce the resonance |
amplitude , we reduce the value of “
the quality factor Q , and for this |
we increase the bandwidth, i.e. we : ﬁ/ Q=10
increase the damping factor and | i
consequently the vibration }! ‘ Q=14
amplitude also decreases (figure). !,f\.\j(
/o
P |
J \ e=1
= l —_"_h'__"'am_&
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¢- Phase variation depending on the pulsation :

We have already demonstrated the phase relationship (¢), which gives the phase shift between

the external pulsation force ((1)and the vibration of our system

240
@ = —arctan [ml = tan(e) = — |(W% o

a

1={aF

SO .

» IfQ=0 = tan(p)=0 =¢= 0.

» fQ=wy=> tan(q))=—oo=>q)=—g.

240 ]_
2

Noticed :

» The oscillator is in phase resonance
with the force applied to the system ®a

when @ = —gFor O =wy = Qg

» The oscillator always lags in phase with
respect to the force and this delay
increases as the pulsation increases.
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5. Mechanical impedance and electrical impedance:
5.1-  Electrical impedance:

Electrical impedance is a quantity which characterizes the way in which the circuit slows down
the flow of current by giving the ratio which exists between the source voltage and the resulting
current.

When using the complex notation for electric current:
I'=],e"
The electrical impedance is defined by:
= % (ohm )
» Resistance :

Vi
Ve=RI=Zzg=—=R

» Coil :

Vi il o ol =
s —_— = = — =
’ dt " L=7 ="
» Capacitor:

Wehave:!=‘:?‘:ﬁ q=/1dt

SO :

o o = X =16 3
Vfucucffdt =5 Fe ;

We clearly observe the phase shift between the current and the voltage when we use the
complex notation:
Zp =R = Re®°
LT
Z; = iQL = QL ez

Zp=—=
¢7iac  ac
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5.2- Mechanical impedance:
By analogy, we can also define the mechanical impedance, if we assume that the mechanical system
subjected to a sinusoidal force of the form: F(t) = F, cos({t), the point of application of this
force moves with a speedv(t) =V cos({t + @) ; Mechanical impedance is a quantity that
characterizes the way in which the system slows down the movement of the point of application,
giving the relationship that exists between the complex amplitude of the force F(t)and the speed
of the point of application v(t).

_F@®
70

» Shock absorber :

The damping force is F = av, we deduce the complex impedance of a shock absorber

7 av
=—=a
=

» Mass:
According to Newton's 2nd 'V, the force F is written:
ma mv mv

Fo et e
- g v v
With :
x(t) = Xoe' @ = x(t) =i 0 Xpe' ™ = ¥(t) = v(t) = iQ(i0X,e" @) = i Q v(t)
So we obtain:
miQlv
Z, = R = im ()
» Spring :

The restoring force of the spring isF = K x

_Kx Kx
K= =%
With :
x(t) = Xoe' @) = &(t) = i Q Xye' @
We obtain :
k
Ly = )
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Problem corrected

Problem: 01

For the system shown to the right, the
disk of mass m rolls without slip and the
inner hub has radius p/2.

a) Find the equations of motion (in
terms of the given parameters—do
not substi- tute in numerical values
yet);

b) If the applied moment takes the form:

M (£)=(2 N -m)sin(4 1),

S

find the steady-state amplitude of
the translation of the center of the
disk when:

k=16 N/m,  b=2 NAmSs),
m=2kg, p=0125m

¢) Determine the steady state amplitude of the friction force.

Solution

a) We identify the three coordinates x, z, and € as shown in the figure above. These are
related as:

—mygj

bo|

xr=—pl,

(8]

An appropriate free-body diagram for this
system is shown to the right. Since the disk
is assumed to roll without slip, the equation
of motion can be directly obtained with an-
gular momentum balance about the contact
point C

> Mo =I€ ay,;,
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which yields

(p (km+bi)+32—'ﬂ(2kz)+ﬂf(t)) i==3";"2 i k.

Using the above coordinate transformations this equation can be written as
3 11k Mt
L PRS- A
2 2 p

b) For the numerical values given above (with consistent units), this equation reduces to

3i+21+88xz=-8 sin(4t),

from which we can identify the appropriate parameters as:

58 1 [
3° ST TV

Wy =

Therefore, the amplitude of the translational oscillations becomes

1 oL
Jo-2"+ Caay®)

Likewise, the phase shift of the response is:

F ]

1 [
. _ 2(r _gm 11 1
au¢——1_r2— i— 8 B'

so that ¢ = (.20 rad = 11.3°.

¢) In the development of the equation of motion, the friction force was eliminated by
summing moments about €. Using linear momentum balance we can reintroduce the
friction force as

ZF= (f,.—k:r—2kz—b;i':)i+ (N—mg) =mii=m"ag.

Therefore, solving for f, we find that

fr=mi+bi+4ke.
With z(f) represented as x(t) = X sin(w! — ). where X and ¢ are found above, the
friction force becomes

fo(t) = (-4;: —m wz) X sin(wt — o) + (b w) X cos(wt — o).
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The magnitude of the friction force is then found to be

o= xy/ sk =-me) + (b)"

For these parameter values || f|| = 6.47 N.

Problem: 02

For the mechanical syvstem shown to the
right, the uniform rigid bar has mass m and
pinned at point O. For this system:

a) find the equations of motion (in terms
of the given parameters—do not substi-
tute in numerical values yet):

b) if ¢ = 0.25 N/(m/s), k = 32 N/m,
m = 2kg, and { = 0.25 m. find the
amplitude of the force transmitted to
the ground through combination of the
spring and damper when w = 4 rad/s.

¢)ife=0 m=2kg, and £ = 0.25 m,
find the value of the stiffness k so that
the bar’s amplitude of oscillation is less
than 7/6 rad for all forcing frequencies
greater than 20 rad/s.

Solution

F(t) = sin(w 1)

L _—

a) In addition to 8, we define the additional coordinate z, which measures the deflection
at the left end of the bar, with & and z related as:

)

b2 | -

=

A free-body diagram for this system is
shown to the right. Applying angular mo-
mentum balance on the bar eliminates the
appearance of the reaction force and leads

tor
Y Mg = €0k,
(ro-kz-c) ik = "‘lfﬁé.

Solving for z in terms of #, the equation of motion becomes:

2
me ;. el,,

12 1
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b) In standard form, this equation of motion can be written as:

s % W . Fy k
f+ (%) i+ ('in ) 4= (":}!.) sin(w t),

so that: 73
3k e 6
Wy =\ — = 5 My= —.
wn i * C 2 ,-—k m 4 Iﬂ m f

The amplitude of the moment transmitted to the ground can be written as:

1+(2(r)?
My = (mey M) \/(] —r2)2+(2¢ r)ﬂ‘*
Vit ¢ Erear

Ve-22)741(52)® 2 (k- 22) + (cw)?

3

|
b | =

The amplitude of the force transmitted to the ground is then Fr = My /(£/2). or:

PR k. )
V=27 4 (e op?

Substituting in the numerical values given in the problem statement, we find that:

Fr=150 N

¢) The amplitude of the steady-state vibrations can be written as:

6 = M 1
wh JA=-r22Z+(2C(r)7
2 1 y

1
¢ Y w2 = wy2 2.
VO-527+(5)" V-2 + )
Substituting in the numerical values given in the problem statement, we find that:

8

O =]

| b

Therefore, if the amplitude of vibration is less than = /6:

48
T

)
-~
|
(]
B
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This inequality has two solutions:

Since this condition must be satisfied for all w > 20 rad/s, we take the second inequality
and find that:

re 2207 88 _ oy
- 3 m
Problem: 03
-
m ;
The system shown to the right is subject to base| - o — — — L SR
Find the steady-state re- % "
sponse of the system in terms of z, with:” 1 1 [Jﬂ
b z
m=2.0kg b=4.0NAm/s), k1 =3.00 N/m, K =
ks
N/m.
[ |
u(t) = 0.50 «in(2 ) m
T HROEEEEEERaOEaass
Solution

a) We define the addition coordinate x which measures the absolute displacement of the mass with
respect to the ground, so that:

r=z+u(t).

Notice that the collection of springs can be _
replaced by a single equivalent spring, with: m

1 2 ky ky
oy 3 =4 Nfm.
3’=1+E 2 ki + ks

The new equivalent system is shown to the
right.

An appropriate free-body diagram is shown
to the right. In terms of the identified coor-
dinates, the acceleration of the mass center

4 182 N L
Ta, =% j=(+1ii) j, —keq 23 —bz3

with ii(t) = —(up w?) sin(w t).

Therefore, linear momentum balance on the mass yields:

ZF = m”a..

(—kﬂlz—&é) j = mij



with:

Therefore the steady state response of this syvstem becomes:

z(t) = Z sin(w t —v).

with Z = ug A(r, (). and:

A= r’ tan ¢ ﬁ and r'—i
VA= +@CrR -’ o

For the numerical values of this problem:

1
wﬂ=V/§9 C=ﬁv T=Vl§!
s0 that: g
A=—‘, ta]_l [ —
V5 TS

Recall that the phase shift ¢ must be positive, so that is tan v is negative, then ¢’ is in
the second quadrant, so that ¢» = 3.03 rad. Finally:

2(t) = v’i? sin(2 ¢ — 2.03).

Problem: 04

The mass m = 2 kg is supported by an elas-

tic cantilever beam attached to a founda- 7

tion which undergoes harmonic motion of the g e _ 1

fOl']J.lI I b1 I 5
u(t) = 4sin(wt) m, _

If the beam has length | = 20 em, while
AE =16 N:

a) find the equations of motion in terms
of z, the relative displacement between
the mass and the foundation (assume -
the beam has zero mass); uft) =4 sin(w t) m

AVRR AR R RO

b) what is the amplitude of the result-
ing motion in terms of the forcing fre-
quency w?
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Solution

a) The equivalent spring for this cantilever beam is:

The acceleration of the block with respect to the ground is “a; = (it + %), so that, in
terms of =, the equations of motion become:

mi+key 2 = —mii,
440z 4.2 sin(wt).

b) For this undamped system, the amplitude of the resulting steady-state motion is:

2
X = W__1
0 [ 22
(1-%)
di?
[0 =2

Problem: 05

The unbalanced rotor shown in the figure is
pinned to a frame and supported by a spring
and damper. If the total mass is m while the
mass center (7 is located at an eccentricity of k ]
¢ from the the center of rotation O,

a) find the damped natural frequency:

b) what is the steady-state amplitude of
vibration when the rotor spins at this
angular speed.

T

ALLLLLE LR R

AANRRA RN U UR U NR LR NN

Solution
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We define x(t) as the vertical displacement of the geometric center of the rotor as
measured from static equilibrinm. As a result, the mass center & is deseribed by the
position z(#) = x(f) + esin{wt). Note that £ measures the eccentricity of the mass
center, not the location of the mass imbalance. Consequently, the governing equations
of motion can be written:

mz = —kr— bz,

mi —ew’ sin(wt) = —kz — b,
or in more standard form:

b k
4 —i 4+ —x = ew’ sin(wt).
m T

a) In the above system we find wy, = /£ and ( = ﬁ, so that the damped natural

[k b
wa=wnV1—= ey e &

b) For an arbitrary forcing frequency the amplitude of oscillation is A = g\, where:

frequency can be written:

2
w

R o7 T o

which, with w = wy. reduces the amplitude to:

1-2

Y=

with { defined above.
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Chapter 5:

Free oscillations of systems with several
degrees of freedom
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1. Introduction:

Multi-degree-of-freedom systems consist of several coupled single-degree-of-freedom systems.
The number of degrees of freedom determines the number of differential equations governing the
evolution over time of these coordinates.

In systems with two degrees of freedom, there are two coordinates that characterize the vibrational
motion.

There are three types of coupling: elastic, inertial and viscous.

2. Differential equations:

For the study of systems with two undamped and unforced degrees of freedom, it is necessary to
write two differential equations of motion that can be obtained from the Lagrange equations:

d(aL) (6L)u0
dt \dq, aq.)
d(aL) (6[.)_0
dt\dq,) \aq,/

q.and q-are the two generalized coordinates which characterize the system with two degreces of
freedom.

3. Coupling types:

3.1. Coupling by elasticity:
The coupling between the two systems is through a spring (capacitance).

I
|
Il

)
I
Il

TR

b S
1 .

L=2a

82



The corresponding differential equations are:

X1+ 2 0%+ wixy=ay x .
{ 9 P 3 172 Quch as :a, X, And a, x4 are the coupling terms a;and a,are

,i'z +2 Azxz + szz = ay X4
constants .

3.2. Inertial coupling:
The coupling between the two systems is through a mass (coil).

The corresponding differential equations are:

X1 +220% + wlxy=c X 5 3 ‘
" e 9 ! 12 Such as : ¢; ¥zand ¢, ¥, are the coupling terms ¢;and c;are
X+ 2%+ woxy = ¢ X4

constants.

3.3. Viscous coupling:
The coupling between the two systems is through a damper (resistor).

m; n:

AN

The corresponding differential equations are:
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X1+ 2 A%, + w?xy = by A j : .
{ *1 i 1%z Such as : by xpand b, x4 are the coupling terms b;and b,are

,i'z +2 Agiz =+ szz = bz x1
constants.

4. Examples of 2 DOF systems :
Example: Coupled pendulums: (Elastic Coupling):

Consider two pendulums which are coupled by a horizontal
spring of stiffness constant k at a distance a from the axis of
rotation.

4.1 Differential equations of motion:

» The coordinates of the system elements: L i
The mass mis at a distance l;of O.

- Xm, = l15in0,4 — Xm, = l10,c0560; -
1 - 5 T
Ym, = —licos6, Ym, = 11015in6, L.
The mass m;is at a distance l,of 0.
- {xmz = I,sinf, — {x,ﬁnz = 1,0,c056, sl o SR8
2 - T 8 =
Ym, = —l2€050, Vm, = 1,0,5in0,; el o

k = (asinf, —asinf,) = a( sinf, — sinf,)
» The kinetic energy of the system:

1 2 1 2
Tm = Tm1 + ng = Emlvml + Emzva (1)

_1 g 1 2H2
my =3 MV = §m11191

=31 : JEE e
my = 3 MaVip = ;M 1303

So equation (1) becomes : T,,, =T + Ty = % (m:lliﬂi + mzlgaf,)
» The potential energy of the system:
U= UK + Uml + UmZ (2)

If we choose the axis as the origin of the potential energies (Ox) we have for the two masses:
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Ut + Upp = —myglicos@y — mygl,cos0, (The minus sign comes from the fact that the

mass m is below the chosen axis). And Uy = %kaz( sind, — sin,)?

So equation (2) becomes:

» The Lagrange function will therefore be:

Two Lagrange equations are necessary to describe the motion:
d (dL ( aL ) Y
dt\ag,) \a6,/ =
d (oL ( aL ) S
dt\ag,) ~\ag;) =¥

d [ adL o
—| = | = m116,4

(3) devient at\a0; =m, %6,

JdL
ﬁ) = —Kaz COS&I(Sinel - Sinaz) - m1gl13in91
a

+ Ka? cos8,( sinf, — sin@,) + m,gl,sinf; = 0.(5)

In the case of weak oscillations, the angles are very small, we
[sin(&) =~ @

have: 2
cos(0) =1 —g ~1

So the equation (5) : m.l26, + Ka*( 8, — 0,) + m,gl,0, =0
So the 02 differential equations of motion are:

m,l%ﬂul - (Kaz + mlgll)61 — Kazez (6)
mzlgg‘z + (Kaz = ngIZ)BZ = Kazﬂl ...(7)

Noticed :

e The coupling term ka?is a function of ktherefore the coupling is elastic.
e Ifa = 00rK = 0 = zero coupling: the two systems are independent .
e The two differential equations have 02 solutions:0,(t) And 8,(t).

We assume that the system admits harmonic solutions:
6,(t) = Ay cos(wt + @) And 6,(t) = A, cos(wt + @)
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Such as: Ay, A,, @and @', w is one of the system's own pulsations.

0,(t) = A; cos(wt + @) = 0; = —w? 8,
0,(t) = A, cos(wt + ¢@') = 0, = —w? 0,

We replace in equations (6) and (7) we obtain :

(Ka* + m,gl, — ml5w?)0, — Ka*6, =0 ...(8)
(Ka? + mygl, — m,15w?)0, — Ka*6, =0 ...(9)

4.2 Calculation of own pulsations:
We suppose that m, = m, = m,l; =1, = L

® _ Ka* + mgl — ml*w* —Ka? (91)
(9) —Ka? Ka? + mgl — mI*w? ) \6;

(o)

These two equations will accept a solution if the determinant= 0

Ka? + mgl — ml*w? —Ka? -
—Ka? Ka? + mgl — ml*w?
= (Ka? + mgl — ml*w?)? — (Ka*)? = 0 = Ka? + mgl — ml*w? = [+§a2
—Ka
o Y k\ a
WL ta m (f 3 w:la ler pulsation propre.
= telsque:{ a2 lsati
w2 =9 w,: la 2eme pulsation propre.
o 4
Noticed :

e Ifa=0O0rk = 0, the coupling is zero=> wi = wj = %
e When the system oscillates with one of its 02 pulsations we say that the system oscillates
in one of its two modes.

4.3 Oscillation modes:

The mode is the state in which the dynamic elements of the system perform a harmonic
oscillation with the same pulsation which corresponds to one of its two pulsations.
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Calculation of oscillation modes:

In each mode the two masses perform simple harmonic movements with the same
pulsation (w; ou wy)and the two pendulums pass through the equilibrium position at the
same instant.

First mode : We replace wf = % +2 (%) (%)2 in the equation (8) Or (9) ; we obtain
:82 = _‘91
Noticed :

» In the first mode the two pendulums have the same pulsation w, the same amplitude and a
phase shift .

» The two pendulums have opposite movements.

~ Elongation and compression of the spring each period except in the middle of the spring.

5‘%55 S 7z ’;/"’ ]

Qe

Second mode : We replace w% - % in the equation (8) Or (9) ; we obtain :0, = 0,4

Noticed :

» T he two pendulums move in the same direction (oscillation in phase).

» The spring does not undergo any variation in its length.
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4.4 Beating phenomenon:

When coupling is weak (k) weak , the own pulsations of the 2 oscillators(w; et w;) are close
,(wy = wy) = Aw = wy — w;, is low, a beating phenomenon occurs. The 2 oscillators transmit
energy between them and vibrate with a pulsationw equal to the average of the two proper

: 1 ; ; 2 4 ; ;
pulsationsw = £ (wy + wy), with a period equal to T = :ﬂ = :rw While the pulsation of the
| 2
. 1 : . 4
beat is equal to: wg = - (W, — wy), with a period Tp = ——.
L

Ta= o]
8y 4 P e tw, _
A L
t
8, 4
A._I T-
Gy =y
!
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Problem corrected
Problem: 01

ARLLR LR

In the figure shown to the right, in
the ab- sence of gravity the springs
are unstretched in the equilibrium
position. Determine the equations of
motion for this system.

Solution:

Because we can, we define five different coordinates to describe the dynamical behavior
of this two degree-of-freedom system, leading to the following transformations:

ro=—-13 0, r3=—1 0, z=x3—I1.

A free-body diagram for this system is
shown to the right. We develop three equa-
tions of motion based on linear momentum
balance on both blocks and angular momen-
tum balance on the disk:

Block 1:
ZF = mfacl,
(klz—h-ﬁ)} = miy}
Block 2:
d.F = m7ag,
(T—bz‘:z—kg m)i = m#i
Disk:
D Mg = I°ay;,
(Tr}+k;nz)é = 16k

—(kg ro+h IQ} i

—kyz3 )

kyz3

—ky 21 ]




Problem: 02

For the system shown in the figure:

a) what is the degree-of-freedom for
this system?

b) using  Lagrange’s  equations,
determine the differential equations
that govern the motion.

Solution:

W] 2 m

YIS I I

T N T T O T T R R T

(I.r)

m

a) This system contains three masses which are each allowed to move in only one
direc- tion. The upper mass slides horizontally with displacement x|, while the
disk rotates through an angle . Finally, the suspended mass moves vertically
and its position can be described by the coordinate x2. However, because the
disk and the suspended mass are connected by an inextensible string, their

motion can be related by:

x2=rb.

So this system has only two independent coordinates and therefore it 1s a two-

degree- of-freedom system.

b) We utilize the coordinates xi, x2, and ¢, as measured from the unstretched
position of the two springs. Therefore, the kinetic and potential energies are

written as:
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1 1 1 .
T = 5(2?1'!) :-f? + 5 m .'!‘33 + 5182_,

%kr? + %k (rf —x1)* —mgxs.
However, xs and @ are related by the above relationship. Thus eliminating #, the energies
become:
1 P i LI S
T = 3 (2m) &7 + 3 m i3 + S &3,

1 1
Ekrf + §k(r2 —x1)  —mgmx,

<
I

which, nsing Lagrange's equations, yields the equations of motion:

2miy +2kry—kxy = 0,

(m - Lz) fz—kxri+kxy = mag.
- g

Problem: 03

For the system shown in the figure:

a) find the mass and the
stiffness matrix;

b) isyoursystemofequations dynamically
coupled, statically coupled, or both?

s e

Solution

‘We choose the coordinates (xy, xs, r4), which represent the positions of the three masses.

a) To determine the stiffness matrix, we use the stiffness influence coefficients. Maintaining
a unit displacement of each mass in turn requires forces of the form:

(zy.20,23) = (1,0.0) —= o= (b +ky —kg.l}]T.
{.’Il. Ia, J"-g) = ((l. 1, U) — f = (—kg, L‘-g + 2}\?3_. —2}"3)1-.
(zy.ma.73) = (0.0.1) — F = (0.—2ks, 2k35)".
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Therefore, with these coordinates the stiffness matrix is:

ky + ko —ks 0
K= —kg }_-,_, + 2‘1 —?.kg
0 —2k3 2ks

Alternatively, we can define the potential energy of the system as:
1 , . 1 ., 1, )
Vo= g(k)(x)" + ghalry — 1) + 5(2ks) (23 — 29)°,
1 , 1 1 "
= (ks + k2)(21)" — 5(2k2) (z122) + 5 (k2 + 2k3)(x2)

—%(2::3)(:2:3) + %(zk.-,}(za)z..

which leads to the same stiffness matrix.

To determine the mass matrix, we could use the inertia influence coeflicients, but. for
variety, we determine the kinetic energy as:

1 ., 1 5 1 .4
T= 5 + —mad; + 5Madsy.

2

Therefore, the mass matrix is:

my 0 0
M= 0 me 0
] 0 mg

b) With this choice of coordinates, the mass matrix is diagonal and the stiffness matrix
contains nonzero off-diagonal terms. Thus. the system is statically coupled but dynam-
ically uncoupled.

Problem: 04

In the multi-degree-of-freedom system shown

on a smooth, frictionless surface. If the

in the figure, the block with mass 4m slides a}
pulley is massless:

a) using Lagrange’s equations,
determine the differential equations
governing the motion, as measured
from static equilibrium;

WA 4m

S LLLL LS

a) withm=1kg and &k = 16 N/m,
find the natural frequencies and
mode shapes for the free vibration

of this sys- tem. Normalize the | .
mode shapes so that with respectto | T7777 i

the mass matrix the amplitude of

each mode is one;
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find the general solution to these equa- tions for the above values of m and £.

Solution

a) We identify the three coordiantes ry. xo, and z. with

z=aT9 —I1.

Measuring the response from static equilibria and neglecting the gravitational potential
energy, the kinetic and potential energies for this system can be written as

T % (4 m) .tf + % (2 m) i:_g_-..

Vv

II

1 ; 1 ‘
2 (2;\‘) rf -+ 2 (R) =2,
In terms of xy and xy, the potential energy becomes
1 2 1 2 1 " 1 ] @
V=35 @2k)al+5 (k) (w2 —21)" = 5 3k) 2l + 5 (- 2k) 122+ 5 (k) 3.

Therefore the equations of motion become

dm iy +3kxoy—kx = 0,
2m is—kxy+ k 20 0,

or in matrix form

40 iy 3 -1 ] _
m[o 2] [B][ 5 ][]0
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b) The corresponding eigenvalue problem for the above system is
k[ & -1 k
(M™'K) u=Au — —[ 1 14]=—(Bu.)
m| =3 3 m
The characteristic equation is

3 N(1 N\ 1_.5 5.1
L — 3| —=—=13F—-=8 — =)
(4 *)(2 ) §=F "17%1

with the solution

5E3 2 k kK
= —— —_— A=w'=4{ —, — 3.
A 8 “ { 4dm m }
Returning this to the eigenvalue problem. the mode shapes are defined by the equation

— ui + — uiz = G w4,

4 1

o 1 _‘ 1] (1]
W= =8| M=) | 0 =], | e

Normalizing u; by the mass matrix implies that

so that

_ 4m 0 1
l=w/Mu=c [1 (44:-3) ] [ 0 ] [(dﬂi—3]]'

2

Solving for ¢

N — Y = i s
2m(2+ (44 —3)) Vigm 6m

Finally. the normalized eigenpairs are

k S [k —
wy = . ow = 12211: ; wo =1]—. tp= vlim s
dm T V1iZm T Vom

¢) With the above mode shapes and natural frequencies the general solution becomes
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q{r)=[;;{:” = 3 (A sin(ort) + Bi cos(ut))

i=1

) [ k _ | k
(Al sin ( Q’) + By cos (me)
[k

Problem: 05

For the system shown in the figure:

a) find the mass and the stiffness matrices; ky o
b) isyoursystemofequations dynamically c¢ my o
statically coupled, or both? Vv

N T R R R EEIRITERERETERERRERKERESSSIESESS S S SETSTST]T®]®]N

Solution

a) For coordinates we choose (xi1, x2, x3) as the displacements of each mass with
respect to inertial space. Using influence coefficients, we find that:

my 0 1] by + ko —ka Q0
M = 0 me 0 s K= —ka by + 2k —ko
0 0 mg 0 —ka ko

Alternatively, if we choose coordinates (xy, z2. z), where z represents the stretch in the
spring connecting ma and mg, we can determine the mass and stiffness matrices from
the Lagrangian. The kinetic and potential energies are:

1 . 1 : 1 G .
T = —myil+-—myi3+ —my(iy — 23)%,

2 2 2
1 s 1 . 1 1 0
Vv = 51:11'% + skalzy — ) + Shpz® + k).

Thus, with these coordinates the mass and stiffness matrices become:

iy 0 ] k14 ks —ks 0]
M= 0 ma+mzg —mz |, K= —ky kiy+ks 0
] —1Iiy iy 0 0 k2

a) With the first choice of coordinates, the mass matrix is diagonal while the
stiffness matrix is not, the system is statically coupled but dynamically
uncoupled. With the latter coordinates neither matrix is diagonal so that the
system is both statically and dynamically coupled.
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Problem: 06

The two-degree-of-freedom system

shown is subject to a harmonic force f(t)
applied to the block of mass 2m, of the
form: 2m —’\WV\/— T
k k 2k
Jt) = (2sin(?) N) i 4‘ : : :
| —— ——

If the mass and stiffness of the system ' : :
are assumed to be m = 2 kg, and k£ = 4 ’ |
N/m, find: 4‘ =

a) the equations of motion;

b) the forced, damped equation (single- degree-of-freedom) that describes the motion of each mode;

Solution

a) We define the coordinates xy, xo, and z, which are related as

z =15 —Iy.
The equations of motion become

rT2071,..[2 -11_[f®
”‘[n 1]“‘[—1 3 ]_ 0 ]

b) The corresponding eigenvalue problem can be written as
k b =k k
-1 7
=— ? lu=|—2
(MK) m [ -1 3 “ m" )
and the characteristic equation becomes

(1—8)(3—B)— %=,32-4,3+g=0.

This quadratic equation has the solutions

=24 fﬁ 2 (VBE—V3)k (ﬁq-ﬁ];
= V 9 = 2 w = Bm o .

2
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Returning to the eigenvalue equation. the eigenvectors satisfy the equation

ua’l_§ut’2=.3i iy — ujz =2(1— 3;) uix

_B=-®E T 1

wyp = \,@nl y 1!1—[\/-6_2].
_ (VB VB)K 3 1

= J2m "Q‘[—w’éw}

For each eigenvector the kinetic energy inner product is

s0 that

uf Muy=14—4v6, ul Mu=14+4V6,

Finally, the modal equation for the first mode can be written as

(w M) Q+ (uf Kw) Q= uf f(2),
Q1 +wiQ = 3L

u; M uw
O+ (E52%) @, = (0
l VZm = 14-a 6"’

while the response of the second maode is governed by

(ud M w) Qz + (uf K w) Q> = uf f(t),

Q2 +wiQy = —"“—%r ;,{22
s (VB4 K — __[f(t)
Q2+( Tm ) Qe = 14+4 6

Problem: 07

For the system shown in the figure, the sur-
face is assumed to be frictionless. If each block
is displaced by a distance d(down and to the
right), find the resulting motion of the system.
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Solution

We define the coordinates x1, x2, #, and z as shown in the figure, so that

x1=-r6, z=rf—xm.

With these coordinates, the kinetic and potential energies can be written as

2
T= % (m) i+ 2 (mr ) 62 + s (m) J'%

2 2 2
1
vmg(k)£?+—(k)32.
Expressing these only in terms of the coordinates ry and o, we obtain

L (3m) , 1 .2
T = E (T) i+ 5 {'m).rg_.

() (~21 ~22)" = 5 (28) 23 + 3 (28) 2122 + 5 () 3.

Veg(k)ad+ -

b ] =

Therefore. the mass and stiffness matrix can be identifed as

il : "
M=m[[2] (1)] K=k[f }] with q(t)=[I;E:;

and the equations of motion are:
q -
= 0 Iy 21 Ty
| 2 k = ],
SERIEIRC R

The solution to this equation requires the solution of an eigenvalue problem of the

form
4 2
3 3

k
-1 _—
(2 K}u"m[l 1

] u=\u,

which is determined from the characteristic equation

det (M~ K - A1) =£[(§—,ﬂ) (1—5)—%] =1,

m

with A= £ 3. This quadratic equation has the solution
T£5 1 [ k [2k
= = = = — —
6 { 3’ 2 } o { 3m m }
With this. the eigenvectors are determined by returning to the original eigenvalue equa-

tion i @ 38 _d
3 3 Il T T D P T
1 -1 o Ujn 2
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In addition, normalizing the eigenvectors by the mass matrix

. . a. _ 4\2
l=“:rMui=[“il u#][? U] [ud]-—-mU?;(—ﬁ-‘-(Sﬁ* 4)).

m o 4

Solving for uy, the normalized eigenvectors are

2 2
we| ZE] e
VvIsm V10

:E
—— i

One can easily verify that both u] M uy =0 and uw] M u;, = 0.

The general solution is written as

2
at)=%" (Ai sin(w; t) + B; cos(w; :)} “

l.=i
subject to the initial conditions

q(t)}=[fd]- e;(m=[8]-

Premultiplying by u M yields
w Mg(0)= (v Mw) B;, uf Mq(0)=(uw Mu) (Aiw)

Since u;r M w; = 1 from our normalization, the constants are directly solved to be

T m
Ay=0, By=6d,/l—, As=0 By=d | —
X . 15 o * V10

Finally, the solution to the specific initial conditions becomes

=[] 4{o () [ 3= ( ) )
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Problem: 08

In the system shown to the right, the
pulley has mass m and radius r, so that the
moment of inertia about the mass cenfer
is Ig=mr2/2

a) What is the degree-of-freedom for
this system?

b) Find the governing equations of
motion;

¢) If m =1 kg and k =4 N/m, what
are the frequencies of oscillation
for themotion andthe corresponding
mode shapes, normalized by the
kinetic energy inner product?

Solution

m

k

ARRRRNRNRRRRNRNNNRNN

a) Let the displacement of the left block, disk, and right block be described as (—z; ),
(0 k), and (2 ) respectively. Although xy and @ are related by the following constraint:

r
T = -0,
1=5

xs 18 independent from the above two coordinates. Therefore, the system has two

degrees-of-freedom.

b) With the above coordinates, the kinetic and potential energies can be written as:

1

T = —mit+-

2

2

5 lmr? ‘o
mis + ETH ;

& =

1 1 ;
= Ek:rf + Sk(z2 — r)?,

Thus, using the above kinematic constraint to eliminate 8, the Lagrangian becomes:

L = T-YV,

1 ? ? 1 i i
= lm[t+ag) - ik [m:f i+l

Using Lagrange's equations of motion, the governing equations are:

3m iy +5k g —2kxy = 0,

m¥s—2kxy+kry = 0.
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¢) From the above equations, the mass and stiffness matrices can be written as:

3 0 5 =2
M—m[o l]‘ K-k[_z 1]

The characteristic matrix, A = M~'K becomes:

k 2 _2
i 3 3

and the characteristic equation can be written as:

,32—%3+%=0.

where, if 3 is a solution to this equation, A = £ 3 is an eigenvalue of the characteristic
matrix A. This quadratic equations has solutions of the from:

4413
B=——.

To determine the eigenvectors, we return to the characteristic matrix A, so that Au =
Aw. The elements of u then satisfy the equation:

5 2
3 u1—§u2=_.'3u1.
Thus, if u; = 1. this yields:
1¥+/13 ) 44 /13
Uy = — for 3= 3 ?

Normalizing by the kinetic energy inner product, we find that:

u u

i = =

V0w, u) \/3_uf+u§
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